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Properties of Bigravity Solutions in a Solvable Class
Taishi Katsuragawa
Department of Physics, Nagoya University, Nagoya 464-8602, Japan
We consider the properties of solutions in the bigravity theory for general models, which are
parametrized by two parameters α3 and α4. Assuming that two metric tensors gµν and fµν satisfy
the condition fµν = C
2gµν where C is a constant, we investigate the conditions for the parameters
so that the solutions with C 6= 1 could exist. We also discuss the magnitude and the sign of
corresponding cosmological constants.
For the black hole solution, we consider the black hole entropy to which the massive spin-2 field
contributes. In order to obtain the black hole entropy, we take an approach which uses the Virasoro
algebra and the central charge corresponding to the surface term in the action.
PACS numbers: 04.60.-m, 04.62.+v
I. INTRODUCTION
Bigravity is a recently proposed theory, which is non-
linear massive gravity that can be free of ghost with the
dynamical reference metric [1–6]. This gravity model is
called bigravity or bi-metric gravity because the model
contains two symmetric tensor fields gµν and fµν and a
massive spin-2 field appears in addition to the massless
spin-2 field corresponding to the graviton. The new de-
grees of freedom introduced by another metric produce
the possibility to solve some problems in cosmology, that
is, dark energy [7–13] and dark matter problems [14, 15].
The interaction between two metric tensors produces the
cosmological constant effectively, furthermore, the mat-
ter coupled with the metric fµν produces new gravita-
tional sources as dark matter.
Besides cosmological applications, bigravity is also in-
teresting as a model of higher spin field theory [16–18]
because the bigravity model describes the massive spin-2
field coupled to gravity. There is actually a spin-2 meson
as massive spin-2 field in QCD, and massive spin-2 fields
are predicted from string theory or higher-dimension the-
ories.
Although it is important to understand the properties
of the bigravity, it is not easy in general to investigate
the solutions because of two reasons. One reason is that
bigravity contains too many parameters. These param-
eters define the form of interactions, and the solutions
depend on its combination. Another is that we have too
many degrees of freedom in two tensor fields. We have
to solve the dynamics of two tensor fields simultaneously,
because they are interacting with each other.
In this work, we consider the general model of bigravity
without specifying the parameters, and study the prop-
erties of the solutions. In order to obtain the solution, we
only assume that one metric is proportional to another,
fµν = C
2gµν with a constant C. We investigate the
parameter region which gives non-trivial solutions with
C 6= 1, and we also discuss the magnitude of cosmologi-
cal constant and the condition under which cosmological
constant vanishes.
Furthermore, we consider the black hole solutions in
bigravity and evaluate the black hole entropy. As men-
tioned above, bigravity describes the massive spin-2 field
coupled to gravity. Therefore, by considering the black
holes in bigravity, we can evaluate how the massive spin-2
field near the horizon affects the black hole entropy [19–
22]. The author has evaluated the black hole entropy by
using the holography [23], where we found the solution
fµν = gµν for a minimal model, and obtain the entropy
which is twice as much as the Bekenstein-Hawking en-
tropy in the Einstein gravity.
In this work, we show that the entropy is given by a
sum of two entropies which stem from two Ricci scalars.
For black hole solution, we use the results obtained by
the above analysis in general model, and evaluate the
contribution from the massive spin-2 field which affects
the Bekenstein-Hawking entropy.
II. EQUATION OF MOTION FOR BIGRAVITY
The action of bigravity is given by
Sbigravity
=M2g
∫
d4x
√
−det(g)R(g)
+M2f
∫
d4x
√
−det(f)R(f)
− 2m20M2eff
∫
d4x
√
−det(g)
4∑
n=0
βnen
(√
g−1f
)
(1)
Here, g and f are dynamical variables and rank-two ten-
sor fields which have properties as metrics, R(g) andR(f)
are the Ricci scalars for gµν and fµν , respectively, Mg
and Mf are the two Planck mass scales for gµν and fµν
as well, and the scale Meff is the effective Planck mass
scale defined by
1
M2eff
=
1
M2g
+
1
M2f
. (2)
The quantities βns and m0 are free parameters, and the
former defines the form of interactions and the latter ex-
presses the mass of the massive spin-2 field. The matrix
2√
g−1f is defined by the square root of gµρfρν , that is,(√
g−1f
)µ
ρ
(√
g−1f
)ρ
ν
= gµρfρν . (3)
For general matrix X, en(X)s are polynomials of the
eigenvalues of X :
e0(X) =1, e1(X) = [X],
e2(X) =
1
2
(
[X]2 − [X2]) ,
e3(X) =
1
6
(
[X]3 − 3[X][X2] + 2[X3]) ,
e4(X) =
1
24
(
[X]4 − 6[X]2[X2] + 3[X2]2
+ 8[X][X3]− 6[X4])
=det(X),
ek(X) =0 for k > 4, (4)
where the square brackets denote traces of the matrices,
that is, [X ] = Xµµ . For conventional notation, we explic-
itly denote the determinant of matrix A as det(A), and√
A represents matrix which is the square root of A.
Now we consider the variation of the action (1) with
respect to gµν ,
δgSbigravity
=M2g
∫
d4xδg
(√
−det(g)R(g)
)
− 2m20M2eff
∫
d4xδg
(√
−det(g)
4∑
n=0
βnen
(√
g−1f
))
.
(5)
The first term produces the well-known Einstein tensor,
δg
(√
−det(g)R(g)
)
=
√
−det(g)
(
Rµν(g)− 1
2
R(g)gµν
)
δgµν
+ total derivative terms. (6)
The second term produces the interactions between gµν
and fµν ,
δg
(√
−det(g)
4∑
n=0
βnen
(√
g−1f
))
= δg
(√
−det(g)
3∑
n=0
βnen
(√
g−1f
)
+ β4
√
−det(f)
)
=
√
−det(g)
(
−1
4
3∑
n=0
(−1)nβn
×
[
gµλY
λ
(n)ν(
√
g−1f) + gνλY
λ
(n)µ(
√
g−1f)
])
δgµν . (7)
In the second line of (7), we have used the following prop-
erty, √
det(−g)β4
√
det(g−1f) = β4
√
det(−f), (8)
and the variation vanishes because it does not depend on
gµν . So, the equation of motion for gµν is given by
0 =Rµν(g)− 1
2
R(g)gµν
+
1
2
(
m0Meff
Mg
)2 3∑
n=0
(−1)nβn
×
[
gµλY
λ
(n)ν(
√
g−1f) + gνλY
λ
(n)µ(
√
g−1f)
]
(9)
Here, for a matrix X, Yn(X)s are defined by
Y λ(n)ν(X) =
n∑
r=0
(−1)r (Xn−r)λ
ν
er(X), (10)
or explicitly,
Y0(X) =1, Y1(X) = X− 1[X],
Y2(X) =X
2 −X[X] + 1
2
1
(
[X]2 − [X2]) ,
Y3(X) =X
3 −X2[X] + 1
2
X
(
[X]2 − [X2])
− 1
6
1
(
[X]3 − 3[X][X2] + 2[X3]) . (11)
Note that ens are written in terms of the trace of g
−1f ,
and it is useful to consider the variation of the trace as
follows:
δtr
(
(
√
g−1f)n
)
=
n
2
tr
(
g(
√
g−1f)nδg−1
)
. (12)
Then, we obtain
2√
−det(g)δg
(√
−det(g)en(
√
g−1f)
)
=
n∑
r=0
(−1)r+1tr
(
g(
√
g−1f)rδg−1
)
en−r(
√
g−1f),
(13)
and the third line of Eq.(7) is symmetrized with respect
to the indices µ and ν .
We need not only the equation of motion for g but that
of f because f is dynamical as well as g in bigravity. In
order to obtain the equation of motion for fµν , we can
utilize the following symmetry,
√
−det(g)
4∑
n=0
βnen
(√
g−1f
)
=
√
−det(f)
4∑
n=0
β4−nen
(√
f−1g
)
, (14)
that is,
gµν ↔ fµν , mg ↔ mf , βn ↔ βn−4. (15)
3Applying this symmetry to Eq.(9), we find the equation
of motion for fµν is given by
0 =Rµν(f)− 1
2
R(f)fµν
+
1
2
(
m0Meff
Mf
)2 3∑
n=0
(−1)nβ4−n
×
[
fµλY
λ
(n)ν(
√
f−1g) + fνλY
λ
(n)µ(
√
f−1g)
]
. (16)
Now we have obtained the equations of motion for g
and f in general model of bigravity, and we can investi-
gate the properties of two metrics by solving two equa-
tions. It is difficult, however, to solve the equations and
to obtain analytic solution without any assumption be-
cause we have too many degrees of freedom for g and f ;
naively, bigravity contains twice degrees compared with
the general relativity since two fields g and f are inde-
pendent.
From the viewpoint of finding the solutions, we have
some lessons from the general relativity. In the general
relativity, we impose some assumptions for the spacetime
to find an exact solution. For example, we obtain the
Schwaraschild solution for static and spherically symmet-
ric spacetime. In the following section, we assume that
two metrics are related to each other, and two dynamics
for two tensor fields are not independent with each other.
III. PROPORTIONALLY-RELATED
SOLUTIONS AND THEIR PROPERTIES
A. Equations of Motion
Now, we consider the case where fµν = C
2gµν and C
is a constant [24, 25]. This assumption is simple to solve
equations of motion because we have only to determine
one tensor field and one constant rather than two tensor
fields. Furthermore, considering the interaction between
two metric tensors, it might be reasonable to assume that
the metrics get identical configuration dynamically, and
two metric tensors may be proportional to each other.
By using the assumption, we obtain√
g−1f = |C|1, [
√
g−1f ] = 4|C|,√
f−1g = |C|−11, [
√
f−1g] = 4|C|−1 (17)
and corresponding Yns are given by

Y0(
√
g−1f) = 1,
Y1(
√
g−1f) = −3|C|1,
Y2(
√
g−1f) = 3C21,
Y3(
√
g−1f) = −C2|C|1
(18)


Y0(
√
f−1g) = 1,
Y1(
√
f−1g) = −3|C|−11,
Y2(
√
f−1g) = 3C−21,
Y3(
√
f−1g) = −C−2|C|−11.
(19)
Now, we obtain the two Einstein equations with cosmo-
logical constant as follows:
0 =Rµν(g)− 1
2
R(g)gµν + Λg(C)gµν (20)
0 =Rµν(f)− 1
2
R(f)fµν + Λf (C)fµν , (21)
and two cosmological constants are defined as follows:
Λg(C) =
(
m0Meff
Mg
)2
× [β0 + 3|C|β1 + 3C2β2 + C2|C|β3] (22)
Λf (C) =
(
m0Meff
Mf
)2
1
C2|C|
× [β1 + 3|C|β2 + 3C2β3 + C2|C|β4] . (23)
Here the dynamics of two metric tensors gµν and fµν
are separated from each other, and the Bianchi identity
is automatically satisfied. This structure of dynamics
means that if f = C2g, the solutions of bigravity is those
of the general relativity, and we can use the solutions in
the general relativity.
Now, we express five βns in terms of two free parame-
ters α3 and α4 [6], as follows:
β0 = 6− 4α3 + α4, β1 = −3 + 3α3 − α4
β2 = 1− 2α3 + α4, β3 = α3 − α4, β4 = α4. (24)
Also, we can take C > 0 without loss of generality. Then
we obtain
Λg(C) =
(
m0Meff
Mg
)2
× [(6 − 4α3 + α4) + 3C(−3 + 3α3 − α4)
+3C2(1 − 2α3 + α4) + C3(α3 − α4)
]
=
(
m0Meff
Mg
)2
(C − 1)
× [(α3 − α4)C2 + (−5α3 + 2α4 + 3)C
+(4α3 − α4 − 6)] , (25)
Λf(C) =
(
m0Meff
Mf
)2
1
C3
[(−3 + 3α3 − α4) + 3C(1− 2α3 + α4)
+3C2(α3 − α4) + C3α4
]
=
(
m0Meff
Mf
)2
C − 1
C3
× [α4C2 + (3α3 − 2α4)C + (−3α3 + α4 + 3)] .
(26)
For the consistency, both of Eqs.(20) and (21) should be
identical with each other. By putting fµν = C
2gµν , we
find Rµν(f) = Rµν(g), R(f)fµν = R(g)gµν . Then, we
find
Λg = C
2Λf , (27)
4From the Eqs.(25) and (26), we obtain the quartic
equation as follows:
0 =(C − 1)
× [M2ratio(α3 − α4)C3
+ {−5M2ratioα3 + (2M2ratio − 1)α4 + 3M2ratio}C2
+ {(4M2ratio − 3)α3 − (M2ratio − 2)α4 − 6M2ratio}C
+(3α3 − α4 − 3)] , (28)
where we define Mratio ≡Mf/Mg.
Apparently, we can find that general model with arbi-
trary α3 and α4 has solution where fµν = gµν , that is
C = 1, and therefore two cosmological constants vanish,
which tells that general model in bigravity has the solu-
tion gµν = fµν which is asymptotically flat solution in
the general relativity. Now, we concentrate on the cu-
bic part in Eq.(28) and classify two parameters α3 and
α4 when C 6= 1. If there is no solution which satisfies
C > 0 and C 6= 1, we do not have non-trivial solution in
bigravity.
B. Classification of Solutions
As a first step, we classify the parameter region by the
existence of the solutions. In the following, we consider
the caseMf =Mg, that is, Mratio = 1 for simplicity, and
define a function F3(x) as follows:
F3(x) ≡(α3 − α4)x3 − (5α3 − α4 − 3)x2
+ (α3 + α4 − 6)x+ (3α3 − α4 − 3). (29)
We now solve the equation F3(x) = 0 for x > 0. Because
we find F3(1) = −6, C = 1 is not a solution for arbitrary
α3 and α4. Hence, by solving F3(x) = 0, we may obtain
non-trivial solutions with C 6= 1 thanks to Mratio = 1.
When α3 = α4, the equation F3(x) = 0 reduces to the
quadratic equation and it has the following form:
F2(x) ≡− (4α4 − 3)x2 + 2(α4 − 3)x
+ (2α4 − 3) = 0. (30)
Furthermore, when α4 =
3
4 , the equation F2(x) = 0 re-
duces to the linear equation, which is given by,
F1(x) ≡ −9
2
x− 3
2
= 0. (31)
When we solve the equation F1(x) = 0, we obtain
x = −1
3
. (32)
This is improper solution because x should be positive,
therefore we find
When α3 = α4 =
3
4
, no solution. (33)
Next, we solve the equation F2(x) = 0 except for the
case (33). In order to find the number of solution, we
need the discriminant, which is given by
D2
4
=9
(
α4 − 4
3
)2
+ 2, (34)
and we have two solutions for any x because D2 > 0.
However, we additionally require the condition x > 0 on
the solution, we find
When α4 <
3
4
or
3
2
< α4, one solution. (35)
When
3
4
< α4 ≦
3
2
, no solution. (36)
Getting obtained results together so far, we obtain the
figure in Fig.1.
Α3 - Α4 = 0
Α4
Α3
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.5
1.0
1.5
2.0
2.5
3.0
FIG. 1: The results in the cases F1(x) = 0 and F2(x) = 0.
On the black line, we have a non-trivial solution. However,
on dashed line and its two endpoints corresponding to (33)
and (36), there is no solution.
Finally, we solve the equation F3(x) = 0 when α3 6= α4.
The discriminant of F3(x) = 0 is given by
D3
12
=84α43 − 48α33α4 − 160α33 + 12α23α24 − 84α23α4
+ 180α23 + 60α3α
2
4 + 144α3α4 − 108α3
− 16α33 − 9α24 − 108α4 + 54. (37)
We also need the discriminant of F ′3(x) = 0 to deter-
mine the positions of extremal value, where F ′3(x) is the
derivative of (29). The derivative is given by
F ′3(x) =3(α3 − α4)x2 − 2(5α3 − α4 − 3)x
+ (α3 + α4 − 6), (38)
and its discriminant is
D3′
4
=22α23 − 10α3α4 − 12α3 + 4α24 − 12α4 + 9. (39)
5Here, we find D3′ ≧ 0 is necessary so that D3 ≧ 0 (see
Fig.2), and for any x, we find

When D3 > 0, three solution.
When D3 = 0 and D3′ > 0, two solution.
When D3 = 0 and D3′ = 0, one solution.
When D3 < 0, one solution.
(40)
Here, by solving the simultaneous equations D3 = 0 and
D3′ = 0, we obtain the points of contact, (α3, α4) =
(34 ,
3
4 ), (
3
2 ,
9
4 ), and (α3, α4) = (
3
4 ,
3
4 ) is irrelevant to α3 6=
α4.
D3 < 0
D3' > 0
Α4
Α3
D3' < 0
D3 > 0
Α3 - Α4 = 0
-0.5 0.0 0.5 1.0 1.5 2.0 2.5
0
1
2
3
4
5
FIG. 2: l Red line expresses D3′ = 0 and green line expresses
D3 = 0. The region D3 ≧ 0 is included in the region D3′ ≧ 0.
Blue dashed line corresponds to α3 − α4 = 0.
We now consider the number of solutions of the equa-
tion F3(x) = 0 when x > 0. When α3 − α4 > 0, which
gives D3 > 0, we find
When 3α3 − α4 − 3 ≦ 0, one solution. (41)
When α3 + α4 − 6 < 0
and 3α3 − α4 − 3 > 0, two solution. (42)
When α3 + α4 − 6 ≧ 0, two solution. (43)
When α3−α4 < 0, we have three casesD3 > 0, D3 = 0
and D3 < 0. First of all, we consider the case D3 > 0,
and we find
When α3 <
3
4
, two solution. (44)
When α3 >
3
4
and 3α3 − α4 − 3 ≦ 0, no solution. (45)
When 3α3 − α4 − 3 > 0
and α3 + α4 − 6 ≦ 0, one solution. (46)
When 3α3 − α4 − 3 ≧ 0
and α3 + α4 − 6 > 0, one solution. (47)
When 3α3 − α4 − 3 < 0
and α3 + α4 − 6 > 0, two solution. (48)
Α3 - Α4 = 0
3 Α3 - Α4 - 3 = 0
Α3 + Α4 - 6 = 0
two solutions
two
solutions
one
solution
Α4
Α3
-1 0 1 2 3 4
-1
0
1
2
3
4
FIG. 3: The results in case α3 − α4 > 0 is drawn. In this
region, we obtain non-trivial solutions although the number
of solution is different.
Α3 - Α4 = 0
3 Α3 - Α4 - 3 = 0
Α3 + Α4 - 6 = 0
D3 = 0
two
solutions
one
solution
one solution
no solution
Α4
Α3
two solutions
-1 0 1 2 3 4
0
1
2
3
4
5
6
FIG. 4: The results in case α3 − α4 < 0 and D3 > 0 is
drawn. In this case, we obtain a region (45) in which we can
not obtain non-trivial solutions. Except for this region, there
are non-trivial solutions.
Next, we consider the case D3 = 0. In the case D3′ >
0, we find
When
3
4
< α3 <
3
2
or
3
2
< α3 ≦
9
4
, no solution. (49)
When α3 <
3
4
or
9
4
< α3, one solution. (50)
In the case D3′ = 0, we find
When (α3, α4) =
(
3
2
,
9
4
)
, no solution. (51)
6Getting these two results together, we find
When
3
4
< α3 ≦
9
4
, no solution. (52)
When α3 <
3
4
or
9
4
< α3, one solution. (53)
Α4
Α3
Α3 - Α4 = 0
D3' = 0
D3 = 0
-1 0 1 2 3
0
1
2
3
4
5
FIG. 5: The results in case D3 = 0 is drawn. On the black
line, we have a non-trivial solution. On dashed line and points
(α3, α4) = (
3
2
, 9
4
), ( 9
4
, 15
4
) corresponding to (52), there is no
non-trivial solution.
Finally, we consider the case D3 < 0, and we find
When D3 < 0, no solution. (54)
Note that in this subsection, we omit some details of
classification. Details are given in Appendix A.
D3 < 0
no solution
Α4
Α3
-1 0 1 2 3
0
1
2
3
4
5
FIG. 6: The results in case D3 < 0 is drawn. In this region,
we does not have non-trivial solutions.
C. Cosmological Constants
In previous subsection, we have classified the parame-
ter regions, and we find that we could obtain non-trivial
solutions with C 6= 1. In this subsection, we discuss the
properties of cosmological constants.
Substituting Meff = 1 to (25) and (26), we obtain
Λg(C) =
1
2
m20 (C − 1)
× [(α3 − α4)C2 + (−5α3 + 2α4 + 3)C
+(4α3 − α4 − 6)] , (55)
Λf (C) =
1
2
m20
C − 1
C3
× [α4C2 + (3α3 − 2α4)C − (3α3 − α4 − 3)] .
(56)
The magnitude of cosmological constants is proportional
to square of the mass,m20, and the sign depends on α3, α4
and corresponding C which is the solution for F3(C) =
0. Also, the two cosmological constants are related with
each other by the equation Λg = C
2Λf , and they have
same sign.
Here, we have shown that the cosmological constants
vanish when C = 1, however, they could also vanish even
if C 6= 1. For convenience, we define
λg(x) =(α3 − α4)x2 + (−5α3 + 2α4 + 3)x
+ (4α3 − α4 − 6) (57)
λf (x) =α4x
2 + (3α3 − 2α4)x− (3α3 − α4 − 3), (58)
and we find that λg(1) = −3 and λf (1) = 3. Since
the case Λg = Λf = 0 is included in Λg = C
2Λf , the
conditions λg(x) = λf (x) = 0 are realized in case F3(x) =
0. Therefore, the cosmological constants vanish for some
parameters which satisfy the conditions λg(x) = λf (x) =
0
D. In the case Mf 6=Mg
In the previous subsections, we have considered the
case where fµν = C
2gµν and Mf =Mg, and investigated
the existence of solutions corresponding to C. In this
subsection, we consider the case that Mf 6= Mg, there-
fore, the classification of solutions depends onM2ratio and
becomes more complicated.
We define a function F¯3(x) as follows:
F¯3(x) =M
2
ratio(α3 − α4)x3
+ {−5M2ratioα3 + (2M2ratio − 1)α4 + 3M2ratio}x2
+ {(4M2ratio − 3)α3 − (M2ratio − 2)α4
− 6M2ratio}x+ (3α3 − α4 − 3). (59)
When α3 = α4, the equation F¯3(x) = 0 reduces to the
quadratic equation as well as the case Mf = Mg, which
7is given by
F¯2(x) ={−(3M2ratio + 1)α4 + 3M2ratio}x2
+ {(3M2ratio − 1)α4 − 6M2ratio}x
+ (2α4 − 3) = 0. (60)
Furthermore, when α4 = 3M
2
ratio/(3M
2
ratio+1), the equa-
tion F¯2(x) = 0 reduces to the linear equation and it is
given by
F¯1(x) =− 9M
2
ratio(M
2
ratio + 1)
3M2ratio + 1
x− 3(M
2
ratio + 1)
3M2ratio + 1
=0. (61)
Solving the equation F¯1(x) = 0, we obtain
x = − 1
3M2ratio
. (62)
This is improper solution, and we does not obtain non-
trivial solutions. In the following, we only consider the
equation F2(x) = 0 because it is tedious to investigate
all of the cases.
For the equation F¯2(x) = 0, its discriminant is given
by
D¯2 =3(M
2
ratio + 1)
× [3(M2ratio + 1)α24
− 4(3M2ratio + 1)α4 + 12M2ratio]. (63)
Since the discriminant apparently depends onM2ratio, the
existence of solutions also depends on M2ratio. In order to
analyze the sign of (63), we define a function f2(α4) as
follows:
f2(α4) =3(M
2
ratio + 1)α
2
4
− 4(3M2ratio + 1)α4 + 12M2ratio. (64)
For the equation f2(α4) = 0, the discriminant is given by
D¯2′
4
=4(3M2ratio + 1)
2 − 36(M2ratio + 1)M2ratio
=− 12
(
M2ratio −
1
3
)
. (65)
This shows that when M2ratio <
1
3 , D¯2 can be negative
according to the value of α4, which tells that there is no
solution for F¯2(x) = 0.
IV. PHYSICAL INTERPRETATION OF fµν AND
THE PLANCK MASS SCALES
Although we have solved the equations of motion and
investigated the properties of solutions, we have not con-
sidered the physical meaning of two metric. While the
bigravity theory contains two metric tensor fields as ex-
pressed up until now, it could be natural to consider that
physical metric which defines the length or area should be
only one of the two tensor fields. In that sense, bigravity
is the theory which describes coupling between gravity
and a symmetric rank-two tensor field [10], that is, gµν
could be the physical metric which describes gravity and
fµν could be just a tensor field.
In this section, however, we may assume that both
metrics have actually geometrical meaning as a measure
and we consider how we should interpret the two met-
rics. Especially, we consider the two Planck mass scales
Mf and Mg by combining the above assumption and the
condition fµν = C
2gµν .
As is well known, the Planck scale MPlanck is defined
as a scale where the Compton wavelength is comparable
with the Schwarzschild radius in the general relativity,
that is,
~
MPlanckc
∼ 2GMPlanck
c2
, (66)
where c is the speed of light. Therefore, if the metric fµν
has also geometrical meaning, the Planck scale for f can
be also evaluated by above definition. The two scalesMg
and Mf are defined as follows:
Mg ∼
√
~c
Gg
, Mf ∼
√
~c
Gf
, (67)
where, Gg and Gf are the gravitational constants for g
and f , respectively, In order to find the relation between
Mg and Mf , we need to know how the two physical con-
stants Gg and Gf are related to each other by putting
fµν = C
2gµν .
We now consider the Schwarzschild solution, then the
metric fµν is expressed as follows:
fµνdx
µdxν
= C2gµνdx
µdxν
= −C2
(
1− 2mgGg
c2r
)
dt2 + C2
(
1− 2mgGg
c2r
)−1
dr2
+ C2r2dΩ2. (68)
Here, mg is a mass which are measured by a observer in
the space-time described by gµν . Because we need the
asymptotically flat form of fµν , we consider the coordi-
nate transformation, (t′, r′) = (Ct, Cr). In the coordi-
nates (t′, r′), fµν is given by
fµνdx
′µdx′ν
≡ −
(
1− 2mfGf
r′
)
dt′2 +
(
1− 2Mfmf
r′
)−1
dr′2
+ r′2dΩ2. (69)
Here, we define
CmgGg = mfGf , (70)
8where mf is a mass which are measured by a observer in
the space-time described by fµν .
On the other hand, the Compton wavelength measured
in the space-time described by gµν is also different from
that by fµν because of the coordinate transformation.
The relation between the two Compton wavelength is
given by
C~
mgc
=
~
mfc
. (71)
Combining (70) and (71), we obtain the relation between
two Planck mass scales as follows:
M2ratio =
(
Mf
Mg
)2
∼ 1
C2
. (72)
This is the case Mf 6=Mg, furthermore, Mf and Mg are
related through C rather than the independent theoreti-
cal parameters.
V. BLACK HOLE ENTROPY FOR
SPHERICALLY-SYMMETRIC SOLUTION
A. Black Hole Entropy from the Noether Current
In this section, we consider the black hole entropy in
bigravity. As shown in previous section, we find that the
dynamics of bigravity is same as the one of the general
relativity by assuming the condition f = C2g. There-
fore, we can utilize the black hole solution of the general
relativity to evaluate the entropy. In order to evaluate
the entropy in bigravity, we use the recently proposed
method by Majhi and Padmanabhan [23, 26–28]. In this
subsection, we summarize this procedure.
Let us consider a general surface term as follows:
IB =
1
16piG
∫
∂M
dn−1x
√
σLB
=
1
16piG
∫
M
dnx
√
g∇a(LBNa). (73)
Here, Na is a unit normal vector of the boundary
∂M, gµν is the bulk metric, and σµν is the induced
boundary metric. For the Lagrangian density
√
gL =√
g∇a(LBNa), the conserved Noether current corre-
sponding to differmorphism xa → xa + ξa is given by
(see the appendix in [27])
Ja[ξ] = ∇bJab[ξ] = 1
16piG
∇b
[LB (ξaN b − ξbNa)] .
(74)
Here, Jab is the Noether potential, and the corresponding
charge is defined as
Q[ξ] =
1
2
∫
∂Σ
√
hdΣabJ
ab. (75)
Here, dΣab = −dn−2x (NaMb −NbMa) is the surface el-
ement of the (n− 2)-dimensional surface ∂Σ, and hab is
the corresponding induced metric. We now choose the
unit normal vectors Na and M b as spacelike and time-
like, respectively. In the following disucussion, we assume
Σ exists near the horizon of a black hole.
Next, we define the Lie bracket for the charges as fol-
lows:
[Q1, Q2] = (δξ1Q[ξ2]− δξ2Q[ξ1])
=
∫
∂Σ
√
hdΣab
(
ξa2J
b[ξ1]− ξa1Jb[ξ2]
)
, (76)
which leads to the Virasoro algebra with central exten-
sion as we will see later. By using the deduced central
charge and the Cardy formula, one can find black hole
entropy.
To derive the Noether charge and the Virasoro alge-
bra, we need to identify appropriate diffeormorphisms,
that is, the related vector field ξa. In this work, we con-
sider static-spherical black holes, where the metric has
the following form:
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2Ωij(x)dx
idxj . (77)
Here, Ωij(x) is the (n− 2)-dimensional space, and hij =
r2Ωij(x). The horizon exist at r = rh, where f(rh) = 0.
For the metric (77), the two normal vectors Na and Ma
are given by
Na =
(
0,
√
f(ρ+ rh), 0, · · · , 0
)
Ma =
(
1√
f(ρ+ rh)
, 0, · · · , 0
)
. (78)
Here, ρ is defined by r = ρ+ hh for convenience, and in
the near horizon limit, we find ρ → 0. Then, the metric
has the following form:
ds2 =− f(ρ+ rh)dt2 + 1
f(ρ+ rh)
dρ2
+ (ρ+ rh)
2Ωij(x)dx
idxj . (79)
Furthermore, we introduce the Bondi-like coordinates,
du = dt− dρ
f(ρ+ rh)
, (80)
and the metric is transformed as
ds2 = − f(ρ+ rh)du2 − 2dudρ
+ (ρ+ rh)
2Ωij(x)dx
idxj . (81)
We choose the vector fields ξa so that the vector fields
keep the horizon structure invariant. Then, we now solve
the Killing equations for above metric:
Lξgρρ = −2∂ρξu = 0,
Lξguρ = −∂uξu − f(ρ+ rh)∂ρξu − ∂ρξρ = 0. (82)
9The solutions of the above equations are given by
ξu = F (u, x), ξρ = −ρ∂uF (u, x). (83)
The remaining condition Lξguu = 0 is automatically sat-
isfied near the horizon because the above solutions lead
to Lξguu = O(ρ) and ρ → 0 at the horizon. Expressing
the results in the original coordinates (t, ρ), we obtain
ξt = T − ρ
f(ρ+ rh)
∂tT, ξ
ρ = −ρ∂tT,
T (t, ρ, x) = F (u, x). (84)
Since we have the appropriate vector fields ξa for a given
T , we can calculate the charge Q.
Finally, expanding T in terms of a set of basis functions
Tm with
T =
∑
m
AmTm, A
∗
m = A−m, (85)
we obtain corresponding expansions for ξa andQ in terms
of ξam and Qm defined by Tm. We choose Tm to be the ba-
sis so that the resulting ξam obeys the algebra isomorphic
to Diff S1,
i{ξm, ξn}a = (m− n)ξam+n, (86)
with {, } as the Lie bracket. Such a Tm can be achieved
by the choice
Tm =
1
α
exp[im(αt+ g(ρ) + p · x)]. (87)
Here, α is a constant, p is an integer, and g(ρ) is a func-
tion that is regular at the horizon. Note that α is ar-
bitrary in this approach, which will not affect the final
results.
B. Entropy for Spherically Symmetric Black hole
in Bigravity
Using the previous procedure and the black hole solu-
tion, we evaluate the black hole entropy. At first, we need
to calculate surface term of the bigravity action LB and
the vector field ξa related to the diffeormophism, which
leaves the horizon structure invariant.
Since the interaction term does not include any deriva-
tive terms, the contribution to the surface term does not
appear. Therefore, the surface term is generally obtained
by two Gibbons-Hawking terms from Ricci scalar R(g)
and R(f),
√
σLB = 2√σgK(g) + 2√σfK(f), (88)
with K = −∇aNa as the trace of the extrinsic curvature
of the boundary, and indices for g and f , respectively.
When we consider the Schwarzschild solutions, fµν =
C2gµν and f(r) = 1− 2Mr with the horizon at rh = 2M .
Metric tensor gµν corresponding to the coordinates (t, ρ)
is given by
ds2 =− ρ
ρ+ 2M
dt2 +
ρ+ 2M
ρ
dρ2
+ (ρ+ 2M)2(dθ2 + sin2 θdφ2). (89)
The Bondi-like coordinate transformation (80) is defined
as
du = dt− 2M + ρ
ρ
. (90)
In this coordinate system, the metric is expressed as
ds2 =− ρ
ρ+ 2M
du2 − 2dudρ
+ (ρ+ 2M)2(dθ2 + sin2 θdφ2). (91)
The vector fields ξa in the original coordinates (t, ρ) have
the following expressions:
ξt = T − (ρ+ 2M)∂tT, ξρ = −ρ∂tT. (92)
Note that above diffeomorphism (92) also keeps the hori-
zon strucuture invariant for fµν because fµν = C
2gµν ,
while we have one diffeomorphism for two metrics in bi-
gravity.
We now calculate the Noether current and the Virasoro
algebra. The spacelike normal vectors for g and f at the
horizon are
Na(g) =
(
0,
√
ρ
ρ+ 2M
, 0, 0
)
Na(f) =
(
0,
1
C
√
ρ
ρ+ 2M
, 0, 0
)
, (93)
and we find
K(f) =
1
C
K(g), (94)
because covariant derivatives are invariant by putting
f = C2g. Also, σ is three-dimensional induced metric
and we find
√
σf = C
3√σg, (95)
as a result, the surface term (88) is
√
σLB = 2(1 + C2)√σgK(g). (96)
For Schwarzschild solution, the Gibbons-Hawking term
is given by
K(g) = − 2ρ+M√
ρ (ρ+ 2M)3/2
. (97)
The charge Q in the near-horizon limit ρ→ 0 is given by
Q[ξ] =
(1 + C2)
8piG
∫
H
√
hd2x[κT − 1
2
∂tT ], (98)
10
where κ is the surface gravity of the black hole, κ = 14M .
Finally, we calculate the central charge with the appro-
priate expansion of T . For T = Tm, Tn, the Lie bracket
of the charges Qm and Qn (76) is given by
[Qm, Qn] =
(1 + C2)
8piGM
∫
H
d2x [κ(Tm∂tTn − Tn∂tTm)
− 1
2
(Tm∂
2
t Tn − Tn∂2t Tm)
+
1
4κ
(∂tTm∂
2
t Tn − ∂tTn∂2t Tm)
]
. (99)
We now substitute Tm chosen in the previous subsection
(87) into Eqs.(98) and (99) and implement the integra-
tion over a cross-section area A, and we obtain
Qm =
(1 + C2)A
8piG
κ
α
δm,0, (100)
[Qm, Qn] =− i(1 + C
2)A
8piG
κ
α
(m− n)δm+n,0
− im3 (1 + C
2)A
16piG
α
κ
δm+n,0. (101)
Therefore, we find that the central term in the algebra is
given by
K[ξm, ξn] =[Qm, Qn] + i(m− n)Qm+n
=− im3 (1 + C
2)A
16piG
α
κ
δm+n,0. (102)
From the central term, we can read off the central charge
Cc and the zero mode energy Q0 as follows:
Cc
12
=
(1 + C2)A
16piG
α
κ
, Q0 =
(1 + C2)A
8piG
κ
α
. (103)
Using the Cardy formula [29–31], we eventually obtain
the entropy
S = 2pi
√
CcQ0
6
= (1 + C2)
A
4G
. (104)
This is different from the Bekenstein-Hawking entropy
in the Einstein gravity by the factor 1 + C2, and this
result is consistent with the result of BTZ black hole in
three-dimensional bigravity [22].
VI. SUMMARY AND DISCUSSION
We have studied the properties of general model in
bigravity with condition fµν = C
2gµν . In this condi-
tion, we have shown that the structure of dynamics is
not changed that of the general relativity, the solutions
of bigravity are also that of the general relativity as well.
We have also investigated the parameter region with con-
dition Mf = Mg, which we can obtain the non-trivial
solution C 6= 1.
Then, we have shown that the entropy in bigravity
is obtained by the sum of two entropies from two Ricci
scalar, and the effect of massive spin-2 field is identical
form with the Bekenstien-Hawking entropy. In evaluat-
ing the black hole entropy, we could ignore the interaction
term because the approach in this work utilize the surface
term of the action. The remaining terms corresponding
to the Noether current are simply the two traces of the
extrinsic curvature, it makes simple and easy to calculate
the entropy. Thus it is the advantage of this approach
and we can find that the entropy is independent of a
difference in the models.
Furthermore, we find that the entropy is given by the
sum of two entropies for general black hole solution, that
is, the case where two metric are independent; because
total Noether current is given by the sum of two Noether
current for g and f , total entropy is also given by the
sum after the integration over the area of horizon.
Regarding the parameter region, we can find that
roughly, there is only trivial solution in the region where
α4 is large and |α3| is small. And there is always non-
trivial solutions in the region where α4 is negative or |α3|
is large. Here, we consider some specific parameters and
its properties. For (α3, α4) = (1, 1), what we call the
minimal model, we does not have non-trivial solution,
and then, cosmological constants vanish. When we con-
sider the black hole entropy for the minimal model, we
obtain the double portion of the Bekenstein-Hawking en-
tropy. In order to obtain non-trivial solution, we need
to consider other parameter combination. For example,
we can propose not minimal but simple combinations as
follows:
(α3, α4) = (−1,−1), (−1, 1), (1,−1), (105)
these combinations produce non-trivial solution.
Α4
Α3
only trivial
solution
non-trivial
solutions
-2 -1 0 1 2 3 4
0
2
4
6
FIG. 7: All of the results obtained in section.III B is
drawn. In the region where α4 is large and |α3| is small,
we does not obtain non-trivial solution. The minimal model
(α3, α4) = (1, 1) is included in the region where there is only
trivial solution.
Note that the results are based on the condition fµν =
C2gµν , we would obtain various solutions in the minimal
11
model on different conditions. Furthermore, we have not
considered ordinary matter couplings in this work, so we
need more analysis with different condition and matter
couplings.
It is interesting that we consider the relation fµν =
exp[2φ]gµν with a function φ(x) and spherical symmetry.
If we find a consistent solution, we could obtain the black
hole solutions with different horizons. However, concern-
ing the black hole entropy, if the horizons are not located
at the same position, we cannot use the procedure in this
work to evaluate the entropy. Besides this problem, re-
cent papers [21, 32] indicate that the horizons for black
holes in bigravity must be located at the same position.
In order to find the properties without fixing the
model, it is also important to consider the Bianchi iden-
tity. The solutions must satisfy not only the equations
of motion but the Bianchi identity, this condition con-
straints the form of the solution. The interaction terms
should produce suitable term to vanish when the covari-
ant derivative operate.
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Appendix A: Details in Classification of Solutions
In this section, we consider the classification of solu-
tions in detail. For the equation F2(x) = 0, the classifi-
cation is given by three criteria: convex or concave, the
position of axis, the value of F2(0).
The discriminant of F2(x) = 0 is always positive, and
classification is given as follows:
In case − (4α4 − 3) > 0,

When α4 − 3 < 0 and 2α4 − 3 > 0, two solutions.
When α4 − 3 > 0 and 2α4 − 3 ≥ 0, no solution.
Otherwise, one solution.
(A1)
In case − (4α4 − 3) < 0,

When α4 − 3 > 0 and 2α4 − 3 < 0, two solutions.
When α4 − 3 < 0 and 2α4 − 3 ≤ 0, no solution.
Otherwise, one solution.
(A2)
Next, we consider the equation F3(x) = 0. In order to
classify the solution, we need to know the position and
the number of extremal values. So, we need the deriva-
tive of F3(x), and we obtain same criteria of F2(x) = 0
because F ′3(x) is quadratic function.
When α3 − α4 > 0, the discriminant D3 is positive,
and classification is given by


When 3α3 − α4 − 3 < 0, −2(5α3 − α4 − 3) < 0
and α3 + α4 − 6 > 0, three solution.
When 3α3 − α4 − 3 ≧ 0, −2(5α3 − α4 − 3) < 0
and α3 + α4 − 6 ≧ 0, two solution.
When 3α3 − α4 − 3 > 0
and α3 + α4 − 6 < 0, two solution.
When 3α3 − α4 − 3 ≦ 0
and α3 + α4 − 6 < 0, one solution.
When 3α3 − α4 − 3 < 0, −2(5α3 − α4 − 3) > 0
and α3 + α4 − 6 ≧ 0, one solution.
When 3α3 − α4 − 3 ≧ 0, −2(5α3 − α4 − 3) > 0
and α3 + α4 − 6 > 0, no solution.
(A3)
When α3 − α4 < 0, D3 can be positive, zero and neg-
ative, and classification is given as follows, respectively:
In case D3 > 0,

When 3α3 − α4 − 3 > 0, −2(5α3 − α4 − 3) > 0
and α3 + α4 − 6 < 0, three solution.
When 3α3 − α4 − 3 ≦ 0, −2(5α3 − α4 − 3) > 0
and α3 + α4 − 6 ≦ 0, two solution.
When 3α3 − α4 − 3 < 0
and α3 + α4 − 6 > 0, two solution.
When 3α3 − α4 − 3 ≧ 0
and α3 + α4 − 6 > 0, one solution.
When 3α3 − α4 − 3 > 0, −2(5α3 − α4 − 3) < 0
and α3 + α4 − 6 ≦ 0, one solution.
When 3α3 − α4 − 3 ≦ 0, −2(5α3 − α4 − 3) < 0
and α3 + α4 − 6 < 0, no solution.
(A4)
In case D3 = 0,

When 3α3 − α4 − 3 > 0, −2(5α3 − α4 − 3) > 0
and α3 + α4 − 6 < 0, two solution.
When 3α3 − α4 − 3 ≦ 0, −2(5α3 − α4 − 3) < 0
and α3 + α4 − 6 ≦ 0, no solution.
Otherwise, one solution.
(A5)
In case D3 < 0,{
When 3α3 − α4 − 3 > 0, one solution.
When 3α3 − α4 − 3 ≦ 0, no solution.
(A6)
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